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(Recei~:ed 17 

T h e  c rys t a l  s t r u c t u r e  of t h e  m o n o h y d r a t e  of pe rch lo r ic  
acid,  H C I ( ) 4 . H 2 0  was  d e t e r m i n e d  b y  Lee  & (~ari)enter 
(1959), (he rea f t e r  re fe r red  to as LC) w h o  c o n f i r m e d  t he  
ear l ier  t h e o r y  t h a t  t he  s u b s t a n c e  is h y d r o x o n i u m  per-  
ch lo ra t e ,  H:~O+C10(. T h e y  o b t a i n e d  a m e a n  va lue  for 
t he  Cl -O b o n d  l e n g t h  in a t e t r a h e d r a l  p e r c h h ) r a t e  ion of 
1.42 + 0.01 J~ w h i c h  is c o n s i d e r a b l y  less t h a n  1.46 + 0.01 A 
r e p o r t e d  (Tru te r ,  C r u i c k s h a n k  & Je f f r ey ,  1960) (TCJ)  
in a s imi la r  s imple  p e r c h l o r a t e ,  t h e  n i t r o n i u m  sal t ,  
NO+CI() ;  -. B o t h  d e t e r m i n a t i o n s  were  ca r r i ed  o u t  th ree -  
d i m e n s i o n a l l y  w i t h  o b s e r v a t i o n s  m a d e  p h o t o g r a p h i c a l l y  
a t  r o o m  t e m p e r a t u r e ;  t h e y  d i f fe red  in t he  e x t e n t  of 
r e f i n e m e n t .  F o r  n i t r o n i u r n  t )c rch lora te  t he  an i so t rop i c  
t h e r m a l  p a r a m e t e r s  for each a t o m  were  d e t e r m i n e d  a n d  
t he  co r r ec t i on  (Cru i ckshank ,  1956) for t he  s y s t e m a t i c  
e r ro r  d im to r o t a t i o n a l  osc i l la t ion  was  a p p l i e d ;  th is  
co r rec t ion  was  0.02 .,~ a n d  0.04 A for  t h e  i n d e p e n ( t e n t  
C1-O b o n d  l c n g t h s  so t h a t  t he  u n c o r r e c t e d  l e n g t h s  were  
a b o u t  t he  s a m e  as t hose  of LC. F o r  h y d r o x o n i u m  per-  
c h l o r a t e  on ly  t he  i n d i v i d u a l  i so t rop ic  t h e r m a l  p a r a m e t e r s  
for t he  a t o m s  o t h e r  t h a n  h y d r o g e n  wcre  f o u n d  a n d  these  
were  h ighe r  for the  o x y g e n  a t o m s  t h a n  for t he  ch lo r ine  
a t o m .  [t  a p p e a r e d  l ikely t h a t  t he  d i s c r e p a n c y  b e t w e e n  
t he  two  sets  of va lues  for t he  CI-O b o n d  l e n g t h s  m i g h t  
arise f rom omiss ion  of t he  co r r ec t i on  for r o t a t i o n a l  oscilla- 
t ion .  T h e  p r e s e n t  n o t e  descr ibes  t he  resu l t  of d e t e r m i n i n g  
a n d  a p p l y i n g  th is  co r r ec t i on  for h y d r o x o n i u m  per- 
ch lo ra t e .  

T h e  s t r u c t u r e  f ound  by  L(? c(msists  of fou r  h y d r o x -  
o n i u m  ions (of which  on ly  t he  o x y g e n  a t o m s  cou ld  be 
foun(t) ,  each  d e s i g n a t e d  Os, a n d  four  p e r c h l o r a t e  ions 
in t he  u n i t  cell w i t h  d i m e n s i o n s  

a = 9 . 0 6 5 ,  b = 5 . 5 6 9 ,  c = 7 . 3 3 9  .~ .  

T h e  space  g r o u p  is Pnma an(l t he  Cl a t o m s  a n d  t he  o x y g e n  
a t o m s  (des igna ted  ()1 and  ().,) of the  l )c rch lora te  ion all 
lie, l ike ()~, in t he  m i r r o r  p l anes ;  t he  r e m a i n i n g  o x y g e n  

August 1960) 

a t o m s  of the  p e r c h l o r a t e  ions O:~ a n d  ()4 are  r e l a t ed  by 
the  m i r r o r  p lanes .  

F o r  the  t h r e e - d i m e n s i o n a l  an i so t rop i c  r e f i n e m e n t  the  
201 non-ze ro  'Fo! l is ted by  LC were  used .  T h e  p r o c e d u r e  
fo l lowed was  t he  s a m e  as t h a t  for n i t r o n i u m  p e r c h l o r a t e  
a n d  t he  s a m e  s c a t t e r i n g  fac to r s  were  used .  F o u r  cycles  
of l eas t - squa res  r e f i n e m e n t  were  ca r r ied  o u t  a n d  t he  
res idua l  R was  r e d u c e d  to  0.057 ( f rom 0"077 LC). T h e  
iFo! scale f ac to r  d e t e r m i n e d  by  t he  l eas t - squares  process  
was 1.006; t h e  w e i g h t i n g  s c h e m e  was  w=l/ iFo[.  T h e  
final  co -o rd ina t e s  a n d  the i r  s t a n d a r d  d e v i a t i o n s  are  g iven  
in Tab le  1 a n d  t h e  v i b r a t i o n  p a r a m e t e r s  a n d  the i r  
s t a n d a r d  d e v i a t i o n s  in Tab l e  2. T h e  va lues  in Tab l e  l(a) 
d i f fer  on ly  s l igh t ly  f r o m  those  of LC ( the  la rges t  c h a n g e  
be ing  0.01 A in z for ()5) b u t  t h e  t h e r m a l  m o t i o n  is m a r k -  
ed ly  anisotrol) ic .  T h e  m o t i o n  of t he  p e r c h l o r a t e  ion, 
a s s u m i n g  it to  bc a r igid body ,  was  c a l c u l a t e d  w i th  
r e spec t  to t he  axes  of ine r t i a  which  were  d e t e r m i n e d  
f r o m  the  a t o m i c  masse s  a n d  t he  d i m e n s i o n s  g iven  b y  t he  
u n c o r r e c t e d  co -o rd ina t e s  in Tab le  l (a) :  t h e y  were  I ,  
n o r m a l  to t he  ()1-CI-O2 p l ane  (i.e. para l le l  to  b); I I ,  in 
a d i r ec t i on  n o t  q u i t e  t he  b i sec to r  of t he  O,-C1-O,, ang le  
b u t  a t  62 ° to O~-CI; a n d  ] I I ,  o r t h o g o n a l  to  I a n d  I I .  
T h e  m e a n  s q u a r e  a m p l i t u d e s  of t r a n s l a t i o n  are  0.044 .~2, 
0"050 .~2 a n d  0.056 A z paral le l  to  I,  I [  a n d  I I [  r e spec t ive ly  
while  t he  r .m.s ,  r o t a t i o n a l  osc i l la t ions  are  8.3 °, 8.7 ° a n d  
10.5 ° a b o u t  I,  11 a n d  I l l  r e spec t ive ly .  These  large 
r o t a t i o n a l  osc i l la t ions  g ive  rise. to an  app rec i ab l e  sy s t em-  
at ic  e r ro r  in the  b o n d  l eng ths  ; t h e  co r r ec t i on  are. + 0.026 ,~t 
for Cl-( ) , ,  + 0.027 .~ for Cl-(),~ a n d  0.029 A for  CI-O:~ a n d  
t he  c()rrected co -o rd ina t e s  are  g iven  in Tab le  lib).  T h e  
d i m e n s i o n s  of t he  p c r c h l o r a t e  ion c a l c u l a t e d  f rom t h e  
co r r ec t ed  co -o rd ina t e s  are  g iven  in Tab le  3. 

T h e  p e r c h l o r a t e  ion does  no t  d i f fer  s ign i f i can t ly  f rom 
a r egu la r  t e t r a h e d r o n  a n d  t he  m e a n  C1-O l e n g t h  of 
1.452 _+ 0.005 ~t is n o w  in a g r e e m e n t  w i t h  t he  va lue  ob- 
t~ ined  for the  ni t  r o n i u m  sal t  (TCJ) .  Th i s  r e f i n e m e n t  has  

C1 
()~ 
Oe 
O 
().~ 

Tab l e  1. Atomic co-ordinates in A 

(a) before and (b) after correction for rotational oscillation, and their s tandard deviations 

x(a) a(x) x(b) y(a) (l(y) y(b) z(a) cs(z) z(b) 
3.8229 0.0029 (3"8229) ] .3.(t23 0 (1.3923) 1"4440 0-0024 (l.4440) 
2.7257 (} . (}094 2.7(166 1"3923 0 (1.3923) 0.5314 0.0088 0.5142 
5.0616 0.0083 5"0842 1"3923 0 (l.3923) 0.7647 0.0103 0.7505 
3.71)84 0.0077 3"706[ 0"2319 0.0083 ( 1 . 2 0 8 1  2.281(1 (1.0065 2.2977 
6.1075 0.0085 --- 4.1769 0 - -  2"3875 0'0078 - -  

Tab l e  2. Vibration parameters 

Values of Uij in .~2 and their est imated s tandard deviations 

(;] I ~722 U33 ~fl 2 U23 L'l 3 
CI 0"055 4. 1 0"043 4. 2 0"051 _+ I 0 0 0"000 + l 
01 0"069 4. 5 0"087 4. 7 0"071 ± 5 0 0 -- 0"015 4. 5 
02 0"061 _+ 6 0"098 ± 8 0"087 ± 6 0 0 0"021 + 5 
( ) :~  0"110+_6 0"080±6 (1"0724.5 --0"0064.5 0'0254_4 0-0084_5 
05 0"069 4- 5 0"05l 4. 6 0"097 4. 5 0 0 0"004 4. 4 
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Table  3. Bond lengths and angles 

C1-O z 1.453 + 0-009 .~ I weighted 
CI-O 2 1"43(,) ~ 0.009 . mean 
CI-O 3 1.465 +_ 0.008 I 1.452 +_ 0.005 .~ 

O I - - C 1 0  a 108 ° 9'__+30' 
Ov-C1-O ~ 111 ° 30" _+ 30' 
O.,..-C1 0 a 110 ° 30' ± 30' 

aga in  ( lemonst ra te( t  the  i m p o r t a n c e  of co r rec t ing  for 
ro t a t i ona l  oscil lation. 

Hydrogen atoms 
Lee & C a r p e n t e r  were  unab le  to f ind the  h y d r o g e n  

a t o m s  in p ro jec t ion ,  nor  did t h c y  f ind th ree  O 5 " ' ' O  
d i s tances  sho r t e r  t h a n  the  o thers  such as m i g h t  be 
e x p e c t e d  for a h y ( t r o g e n - b o n d e d  H~O + ion. T h e y  sug- 
ges ted  e i the r  (i) t h a t  t he re  is free ro t a t i on  of the  h y d r o g e n  
a t o m s  a b o u t  the  o x y g e n  a tom,  or (ii) t h a t  the  h y d r o g e n  
a t o m s  were  e q u i d i s t a n t  f rom pairs  of o x y g e n  a t o m s  on 
the  n e i g h b o u r i n g  p e r c h l o r a t e  ions. 

i n  an cn( teavour  to locate  the  h y d r o g e n  a t o m s  a three-  
d imens iona l  d i f fe rence  syn thes i s  was car r ied  ou t  wi th  Fc 
f rom the  final an iso t ropie  p a r a m e t e r s .  As m i g h t  be 
e x p e c t e d  f rom the  small  va lue  of R, t he re  were  no large 
peaks  o,' t h r o u g h s  and  the  posi t ive  values  wi th in  a rad ius  

of 1-5 A f rom ()5 were  smal ler  t h a n  those  in posi t ions 
which could no t  be a t t r i b u t e d  to h y d r o g e n  a toms .  This  
ev idence  indicates  the  free ro t a t i on  of the  h y d r o x o n i u m  
ions, and  is cons i s t en t  wi th  the  p r e l im ina ry  resul ts  of a 
n e u t r o n - d i f f r a c t i o n  s t u d y  (Smi th  & Levy ,  1959). 

C o m p u t a t i o n  was car r ied  ou t  on the  Leeds  Un ive r s i t y  
F e r r a n t i  Pegasus  c o m p u t e r  wi th  p r o g r a m m e s  publ ished 
in 1960 (Cruickshank,  Pil l ing and  in p a r t  Bujosa ,  Loveli  
& Tru te r ) .  

I am  gra te fu l  for the  use of the  facili t ies of the  Comput -  
ing L a b o r a t o r y  and  to m y  colleagues for the  use of the i r  
p r o g r a m m e s .  
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I n t r o d u c t i o n  

Klein (1884) gave  an a c c o u n t  of the  subgr(mps c()n- 
t a ined  in a n y  t)oint-groul),  b u t  t h o u g h t  it unneces sa ry  
to e n u m e r a t e  these  subgroups  in his book.  R e c e n t l y  
Wittl~e & ( la r r ido  (1959) t a b u l a t e d  some of thcse,  b u t  
r e s t r i c t ed  the i r  a t t e n t i o n  to crys ta l logra i )h ic  i)()int-groul)s. 
In  this  p re sen t  no te  the  t r e a t m e n t  is ex tendc( l  to t he  
icosahcdra l  po in t -groups ,  anti the  genera l  case for the  
I)()int-groups r, r2, rm, r, rm, r /m and  r /mmm can be 
()t)taine(t by  Kle in ' s  analysis .  The  n o t a t i o n  he re  used is 
the  same  as t h a t  ()f \V i t tkc  & (~arri(to. 

D e f i n i t i o n  o f  a c o l o u r e d  p o l y h e d r o n  

A 'co loured  polyhe(h 'on '  has  its shape  governe(I  by  a 
po in t -g roup  G but  has  its faces colourc(l in a w a y  tha t  
obeys  a d i f fe ren t  po in t -g roup  g. g is a subgrou  I) of G, 
an(t 0," is a n y  group  for which g . g "  = G .  G anti p, have  
M and  mg faces in the i r  genera l  fo rms  rest)ect ivcly , t hus  
the  n m n n e r  ()f eoh)urs s required  for the  genera l  co loured  
l )o lyhedron is .lI/mg. All the  s y m m e t r y  opera t ions  of G 
no t  inelude(t  in g do no t  necessar i ly  form a group,  bu t  
m u s t  change  the  ('olour of a n y  face, on which  t h e y  act ,  
and  these  are  called colour  s y m m e t r y  opera t ions .  

M u l t i c o l o u r e d  f a c e s  

The  n u m b e r  of d i f f e ren t  (;oiours r e la ted  by mc (colour 
mirror) ,  rc (col<>ur r-f(>l<l axis) and  rome (re in the  t)lane 
of me) are c lear ly  2, r and 2r respec t ive ly .  A special fo rm 
of G is p roduced  if the  face no rma l  lies in a mi r ro r  p lane  

()r paral lels  an r-fold axis, and  this  is ( ienoted in the  
fables  by m or r. The  faces of a n y  special  fo rm can be 
sectione(t by lines in such a way  t h a t  the  se('tions, con- 
si(lered as separa te ,  obey  the  genera l  i)<)int-gr<)up sym-  
m e t r y .  These  lines can be obta imxt  f rom the  c(lges 

Table  I. The number of colours n present on each J'(u'e o/" 
the special forms of the point group 5m3m 

g m q s 5 3 2 m ~,' * 
_ . _. 

5m3m 120 l l [ 1 I 1 
532 60 2 2 2 2 2 m 

52 10 12 2,10 6 2,4 2 3m 
5 5 24 2,10 6 4 2 3m 

10 12 2, i 0 6 4 2 3m 
5m 10 12 1,5 3 2 1,2 3 

i5m(2) 20 (i 1,5 3 2 1,2 3 
.m 3(2) 24 5 5 2,3 1,4 1,2 5 * 

23 12 10 10 2,6 2,4 2 5m * 
32 6 20 10 2,6 2,4 2 5m * 

3 3 40 10 2,6 4 2 5m * 
6 20 l 0 2,6 4 2 5m * 

3m 6 20 5 1,6 2,4 1,2 5 * 
3m(2) 12 I0 5 1,6 2,4 1,2 5 * 

222 4 30 10 (i 2,4 2 5m * 
2 2 60 10 6 2,4 2 5m3m * 

mmm(2) 8 15 5 3,6 1,4 1,2 5 * 
ram(2) 4 30 5,I0 3,6 1,2,4 1,2 532 * 

2/m 4 30 5,10 3,6 2,4 1,2 532 * 
~n 2 60 5,10 3,6 2,4 1,2 532 * 
]- 2 60 10 6 4 2 532 * 
1 l 120 ! 0 6 4 2 5rn 3m * 

• Denotes a crystallographic subgroup. 


